JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 37, No. 3, August 2024
http://dx.doi.org/10.14403/jcms.2024.37.3.123

VALENCE FORMULA FOR THE CONGRUENCE
GROUP T(p)

DonNnG YEoL OH

ABSTRACT. We prove the valence formula for the congruence group
Lo(p).

1. Introduction and statement of a main result

Let H be the complex upper half plane. Let Xy(1) be the compact
Riemann surface obtained by adjoining the the cusp oo to Riemann
surface SLy(Z)\H. For 7 € HU {o0}, let @, € Xop(1) be the point
associated to 7 under usual identification. Then the following formula
[3, Theorem 1.29] which is called a valence formula is well known: For
a non-zero meromorphic modula form f of weight k& on SLy(Z),

d, k
Z Ea f+ordoof:—

L 12’7
QTGSLZ(Z)\H

where ord; f is the standard order of vanishing of f at 7, ord.. f is the
order of vanishing of f at oo and I € {1, 2, 3} is the order of the isotropy
subgroup of 7 in SLy(Z)/{£I}. This valence formula is useful in the
theory of modular forms. Using the formula one can show that the
dimension of the vector space of modular forms of weight k on SLy(Z)
is less than or equal to [k/12] + 1.

For a positive integer N, let

To(N) = {(‘; 2) € SLy(Z) | ¢ = 0 mod N},

which is called the congruence group of level N. Note that T'g(1) =
SLy(Z). In [2, Proposition 3.1], the author proved a valance formula for
the congruence group I'g(2). In this paper we generalize this formula to
higher level cases. Let p be a prime and X(p) be the compact Riemann
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surface obtained by adjoining the two cusps 0 and oo to Riemann surface
To(p)\H. For 7 € HU {0,000}, let Q- € Xo(p) be the point associated
to 7 under usual identification. With these notations we state the main
result.

THEOREM 1.1. Let p be a prime and f be a non-zero meromorphic
modular form of weight k on T'g(p). Then we have

A 1
Z Orld / +ordyf + ordso f = (p;)k,
Q-elo(p)\H "

where l; € {1,2, 3} is the order of the isotropy subgroup of T inT'y(p) /{£I}.

REMARK 1.2. A valance formula for T'y(p) is well-known as in The-
orem 1.1. But the proof of it does not appear in the literature. So we
give Theorem 1.1.

2. The Proof of Theroem 1.1

For any function f on the complex upper half plane H and k € Z, the
usual slash operator | is defined as follows: For 7 := <Z Z) € SLy(R)
and z € H,

(fe)(2) = (ez +d) " f(72).

0 _ 1
Let N be a positive integer and Wy := <\/N 6/N>

Let p be a prime and f be a non-zero meromorphic modular form of
weight k on Io(p). Put h := ords f(2), b := ordgf(2), and q := >,
Then f has the following expansions at the cusps:

fz) = Y aln)q" at oo,

deme = (1e() ) = Somera o

n>h'

We define the theta-operator by

05(2) = ==L f(z) = 3 na(n)q"”

" 2midz
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and denote by Fs(z) the weight two Eisenstein series

Es(z):=1- 2422dq”.

n=1 d|n
Note that we have
0f

f

By [1, Lemma 2.2], we have a meromorphic modular form G of weight
two on I'g(p) defined as follows:

(2) =h+ Y c(n)g" (=h+0(q):

n>1

ko _pk
(1) G()i= L4 p22 hE2(pz) . f;_lz Ex(2) (= O(q))-

f p—1 1
By [1, (2.17)], we obtain
E _p h — Pk
@) = PG+ Bt () + St )
= h'—l—h—w—l—O(q)

12
Since (G|aW,)(2) = (\/p2)2G (—pi) we have

(G () = ~(GlaWi) (/).
Hence the constant term of (G|2W1)(2) is
1/, (p+ 1)k
(2.2) p(h +h—12>.

It follows from (2.1) and (2.2) that G has the following expansions at
the cusps:

(2.3) G(z) = Zal(n)q" at 0o,
n>1
o 1 / (p—l—l)k‘
@) = o (1en- TR
+ Z by (n)g™'? at 0.
n>1

As before, we let X((p) be the compact Riemann surface obtained by
adjoining the two cusps 0 and co to Riemann surface I'g(p)\H. We con-
sider an abelian differental w := G(z)dz on Xo(p). For 7 € HU {0, 0o},
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let @, € Xo(p) be the point associated to 7 under usual identification.
Then it follows from [1, (2.5), (2.6)] and (2.3) that we have

Resg w =0,
Resg,w = 5 (h/ +h— %) :
Resg, w = ﬁResz:TG (1 € H),
where I, € {1, 2,3} is the order of the isotropy subgroup of 7 in T'o(p) /{1 }.

Since Fs(z) is holomorphic on H and %(z) = ﬁfT/(z), we have that
for 7 € H,

2miRes,—,G = 2mi <ResZ:T0f(z)> = ord, f.

f
By a fundamental fact [1, p. 793] that ZQEXo(p) Resgw = 0, we obtain

. + 1k ord,
0=2mi Z ResQw:h/—Fh—(pu)—F Z Tf,
QEXo(p) QreTo(p)\H
which implies
Z orlde +ordof + orde f = W
Q-eTo(\H "
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